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Two players play a game on a connected graph G. Each player in his turn occupies an edge 
of G. The player who occupies a set of edges that contains a cycle, before the other does it. wins. This 
game may end in a draw. We call this game the normal cycle game. We define furthermore three simi- 
lar games, which are calIed the misSre cycle game. the normal cycle cut game and the misare cycle 
cut game. We characterize the above four games. 

1. Introduction 

Let G be a connected  graph which may have nmlt iple  edges but  has no loops.  
In this pape r  a graph means such a graph.  Two players  play a game on G. They take 
turns  and each p layer  in his turn occupies en edge o f  G not  occupied before. W e  
define the fol lowing lbur  games :  

Normal cycle game: A player  wins ff he occupies a set o f  edges that  conta ins  a 
cycle, before the other  does it. I f  the  set o f  edges occupied by each player  by the end 
o f  the  game conta ins  no cycles, then the game ends in a draw. 

MisOre cycle game: A player  loses if he occupies  a set o f  edges that  conta ins  a 
cycle, before  the o ther  does  it. This  game may also end in a draw.  

The fol lowing two games are p layed  between the cycle player and the cut 
player or  between the non-cycle player and the anti-cut player. 

Normal cycle cut game: The cycle p layer  wins if he occupies a set o f  edges that  
conta ins  a cycle. The cut  p layer  wins otherwise,  tha t  is, the cut  p layer  wins if  the set 
o f  edges not  occupied  by him conta ins  no cycles. This game never ends in a draw.  

MisOre cycle cut game: The non-cycle  p layer  loses if he occupies a set o f  edges 
tha t  conta ins  a cycle. The ant i -cut  p layer  loses otherwise.  Then the goal  o f  the  non-  
cycle p layer  is to avoid  a set o f  edges conta in ing  a cycle and tha t  o f  the ant i -cut  p layer  
is to force the  non-cycle  p layer  to occupy a set o f  edges conta in ing a cycle. This 
game also never ends in a draw.  
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In this paper, we shall give complete graph theoretic solutions to the above 
four gaines, except of  the constructive winning strategy for the normal cycle game on 
certain graphs. We now describe the relation between the cycle cut game and the 
Shannon switching game ([2], [3], [4], [7]). The Shannon switching game can be regard- 
ed as a normal cycle cut game in which the cycle player, called the short player, 
wins if he occupies a set X of edges such that the union of  X and the distinguished 
edge e (or e is one of the distinguished edges which form a complete graph K,,, n->-3) 
has a cycle containing e. The cut player wins otherwise. Related games are shown 
in [5]. 

2. Preliminaries 

Let X zmd Y be subsets of  a finite set Z. Then we write IXI for the number of  
elements in X and denote XU Y by X +  Y if it is a disjoint union. The complement 
of  X is denoted by X, that is, X = Z \ X .  

Let G be a connected graph with vertex set V(G) and edge set E(G), which 
may have multiple edges but has no loops. In this paper, for convenience, we call a 
cycle a tieset and consider a tieset, a cutset and a spanning tree of  G as subsets of  
E(G). Let P be a spanning tree of  G and let x and y be edges of  G such that xEP 
and y{  P. Then P + y  has a unique tieset T (P+y) ,  which contains v. Similarly, 
P + x contains a unique cutset C(P +.v) of G, which contains x, where P = E ( G ) \ P .  
The distance between two spanning trees P and Q of  G is defined by IP\Q[.  I f  the 
distance between two spanning trees of  G is maximum, then they are said to be maxi- 
mally distant. The set of  unordered pairs of  maximally distant spanning trees of  G 
is denoted by (2(G). Then (A, B)C Q(G) implies that A and B are spanning trees of  
G and that IA\BI.>=IP\Q[ for every two spanning trees P and Q of G. 

[.emma 1. Let G be a connected graph and (A, B)< Y2(G). Let e E A O B  attd G" 
be the graph obtabwdJJ'om G bv contracthTg e. Then (A - e ,  B-e)E. Y2(G'). Further- 
more, G" has no loops. 

Proof. This lemma follows from the fact that if P '  is a spanning tree of G', then 
P'+e is a spanning tree of G. | 

The following lemma, which is in fact a theorem on the principal partition of 
a graph [6], is important. 

Lenmla 2. (Baron and lmrich [I]. Kishi and Kajitani [6]) A pair o[maximally distant 
spanning trees ~[" a comwcted graph is obtained by a constructive procedure. 

Lenuna 3. Let G be a connected graph and [A, B)E ~2(G). Let P be a spannoTg tree 
of  G and X be a subset of  E ( G ) \  P. I f  ]X] ~ t V(G)! -  IA ("/B I, then X contains a tieset. 

Proof. Suppose Xconta ins  no tiesets. Then there existst a spanning tree Q such that 
Q D X ,  and so I Q \ P I ~ I X I ~ I V ( G ) [ - ! A ~ - ) B I > I A I - ! A ( q B i = I A \ B I ,  a contra- 
diction. Hence X contains a tieset. | 

Lemma 4. Let G be a connected graph and X =  {xl . . . . .  x,} be a set of  edges of  G. 
Let Go=G attd Gi+a (O_~i~_r-1) be the graph obtahted from Gi by deleting some 
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edges not in X and by contracting xi+l and some edges not in Aq I f  every xj ( j > i )  
is not a loop of G i, for all i, then X contains no tieset of  G. 

Proof. It is obvious that if Xcontains  a tieset, then some x i becomes a loop of some 
Gi ( j > i ) .  Hence the lemma follows. | 

3. Cycle games 

We shall first consider the cycle games. The normal cycle game and the mis6re 
cycle game end without draws if one of the players occupies a set of  edges that con- 
tains a tieset. Then it can be shown easily that a connected graph G is a graph on 
which no cycle game ends in a draw if and only if E ( G ) ¢ A U B  for (A, B)~. 
f2(G) (i.e. the arboricity of  G is at least three). (See Figs 1 and 2.) We call the player 

going first the first player and the player going second the second player. 

Fig. 1. Graphs on which no cycle game 
ends in a draw 

Fig. 2. Graphs  on which cycle games 
may end in a draw 

Theorem 1. Suppose two players pko~ the normal cycle game on a co,mected graph 
G. Let (,4, B)E ~Q(G). Then the following statements hold: 

(I) I f  E(G)=A UB, then lhe game ends in a drau" i f  both players make no 
errors, and there exists a constructire strategy by which each player does not lose. 

(2) I f  E ( G ) ¢ A U B ,  then the first player can win. Furthetvnore, if  [E(G)I= 
IAUBI+ 1, then there exists a constructh~e whining strategy for the first player. 

Note that the author does not think that there exists a constructive winning 
strategy for the first player in case of  [E(G)I-~IAUBI+2. 

Proof of Theorem 1. We first note that the first player does not lose theoretically in 
such a game. This fact is well-known (see the beginning of [7]). 

Suppose E(G)=A UB. We verify only that the second player does not lose. 
It su~ces to show that the second player does not lose even if the first player occupies 
all the edges in A 2)B before the beginning of the game. Let G' be the graph obtained 
from G by contracting all the edges in A(-/B, and let A ' = A \ ( A ~ B )  and B ' =  
B'\(Ai~!B). Then it follows from Lemma 1 that (A'; B')~Q(G') and E ( G ' ) =  
A'+B' .  We may assume that the first player occupies .fleA' in his first turn. 
Then the second player occupies s ~ E T ( B ' + . ~ ) - J ] .  Let G1 be the graph obtained 
from G' by contractingf~ and by deleting .h, and let A ~ = A ' - f t  and B l = B ' - - s t .  
Then (At, BO~f2(GO and E(GO=A~+B~. The second player repeats the above 
strategy on Gi (i=>1). Then E(GI)=Ai+B i for (A,-. B~)~f2(Gi), and so Gi has no 
loops. Hence, by Lemma 4, the set of  edges which have been occupied by the first 
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player does not contain a tieset of  G, and we conclude that the second player does 
not lose. 

We next assume E(G)¢AUB.  Then the game never ends in a draw, and thus 
the first player can win. If E(G)=(A U B ) + e ,  then the first player can win by occu- 
pying e in his first turn and by playing on G - e using the same strategy for the second 
player in (1). II 

Theorem 2. Suppose two players play the miskre cycle game on a connected graph G. 
Let (A, B)Ef2(G). Then the Jbllowing statements hold: 

(1) I f  E(G)=AUB, then the game ends ht a draw if  the players make no 
e r r o l ' s .  

(2) I f  E(G)~'~AUB and [AC'IB I is eeen, h~ particular, AfqB=~I, then the 
second pho,er can win. 

(3) / f  E(G)~A UB and IAOB1 is odd, then the first player can whz. 
(4) h7 each case there exists a eonstructi,re strategy. 

Proof. Suppose E(G)=A UB. We first prove that  the first player does not lose. It is 
sufficient to show that the f r s t  player does not lose even if he occupies all the edges in 
A f3B before the beginning of the game. The first player occupies J~EA\(Ai2 B) 
in his first turn. Let G~ be the graph obtained from G by contracting all the edges in 
(A N B) +J~, and let e~ ~ T(B+~)N{(A CI B) +f,}, At = A'~{(A ~ B) +ft} and B 1 = 

B~{(AI~'IB)+e~}. Then E(GO=A~+B~+el and (A~,Ba)EQ(G,). Suppose the 
second player occupies s~ in his first turn. I f  sa=e~, then the first player occupies 
f2EA~, and let Az=A~- f , ,  e.,.CT(B,+f,)-f2 and B.~=Ba-e2. I f  s~-qA1, then the 
first player occupies f,_cC(A~+s~)~Ba, and let A,z=A~-s~, B2=B,--f,. and e z = e =  
We obtain the graph G2 from Gt by deleting s~ and by contracting f2. Then E(G.,) = 
A.2+ B..+ez and (A.,, Be)EQ(G.~). Hence we can show that if the first player repeats 
the above strategy on G~ (i_->2) until the end of  the game, then the first player does 
not lose. Similarly, we can prove that the second player does not lose. Consequently, 
(I) holds. 

Next suppose E(G)~A,JB and [Af~B] is even. Assume that the first 
player occupies f~ in his first turn. If  J;~A~B,  then the second player occupies 
s ~ ( A ( ) B ) - f z ,  and let A~=A--f~-s~ and B~=B-- f t - s~ .  f f  f ~ A ~ B ,  then the 
second player occupies s~Y.C(A+fOf~B, and let Aa=A-f~  and B~=B-s t .  I f  .~,4,7 
AUB, then the second player occupies s~CzA~B, and let A~=A-s~,  
e'~. T(Bq-s~)~A and B~=B-e~. We obtain the graph G~ from G by contracting sx 
and J; or by contracting s~ and deleting f~ so that (At, B~)EfJ(G~) and ]A, ~B~ I is even. 
The second player repeats the above strategy on G~ ( i~  1) until this strategy cannot 
be used. that is, until one of the following conditions occurs for some r: 

(i) A,.=B,.~O (i.e. G,. is a tree having some loops) and the first player occupies 

(ii) A~= B~= O (i.e. G~ is a graph having exactly one vertex and some loops) and 
the first player occupies .f,-+t. 

We prove in eacla case that the set F =  {J], . .... 1~+ ~} of edges which have been 
occupied by the first player contains a tieset of  G and that the set S:-  {s~ . . . . .  s~} 
of edges which have been occupied by the second player does not contain a tieset of  
G. lt J\Hlows from the strategy that S<A{. iB  and St!(AC]B) is a spanning tree of  
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G, which implies that S has no tiesets of G. We divide F and S as shown in Fig. 3 
and write a small letter for the number of edges in each subset. If the case (ii) occurs, 
then d=0.  It follows that x = y ,  I F [ = a + b + e + x = l S [ + l ,  I S I = e + y + f  and 
] S U ( A f ~ B ) I = x + d + y + e + f = I V ( G ) I - 1 .  Set F * = F \ ( A N B ) .  Then we have 
IF*I=a+b+c=IV(G)I-IANBI. Since F* c E ( G ) \ ( S U ( A N B ) )  and S U ( A N B )  
is a spanning tree of G, we conclude that F* has a tieset of G by Lemma 3. Con- 
sequently, the second player can win. 

If E(G) ~ A U B and I A N B t is odd, then the first player can win by occupying 
an edge in AfqB in his first turn. 1 

Fig. 3 

4. Cycle cut games 

Theorem 3. Suppose that the cycle player and the cut player play the normal cycle cut 
game on a connected graph G. Let (A, B)Ef2(G). Then the following statements hold: 

(1) I f  E (G)=AUB,  then the cnt player can win. 
(2) / f  ]E(G)]= IA UB[+ 1, then the first player can whz. 
(3) I f  ]E(G)]>=!AUBI+2, then the cycle player can win. 
('4) h~ each ease there exists a constructive whmhTg strategy. 

Proof. The statements (1) and (2) are easy consequences of Theorem 1 and its proof. 
It is clear that if [E(G)I ~ IA UBI+  1 and the cycle player goes first, then he can win. 
Suppose [E(G)I ~IA U B[+2  and the cut player goes first. We assume that the cut 
player occupies .fx in his first turn. Then the graph obtained from G by deleting f~ 
has a component H such that [E(H)I_-> [A' UB ' [+  1 for (A', B')E f2(H). Therefore, 
the cycle player can win, and thus (3) is proved. I 

Theorem 4. Suppose that the non-cycle player and the anti-cut player play the miskre 
c~:ele cut game on a connected graph G. Let (A, B)Cf2(G). T/wn the followhzg state- 
ments hoM: 

(1) I f  E ( G ) : A U B ,  then the non-cycle player can wht. 
(2) I f  IE(G)[= IA U B I+ 1 and IA (~ B ] is even, then the second player can win. 
(3) I f  [E(G)I=IAUBI+I and [AfhB l is odd, then the first player can win. 
(4) I f  IE(G)I>=[AOB[+2, then the anti-cut player can win. 
(5) h7 each ease there exists a constructive winning strategy. 

Proof. The statement (1) follows from (1) of Theorem 2 and its proof. Suppose 
!E(G)!= tA UB[ ÷ 1 and IA FqBI is even. Then we can show that the second player 
can win by using the same strategy for the second player in (2) of Theorem 2 (since 
we have in this case that E(G)= {A,+f~+~} or E(G)= {f~+~} in the proof of Theo- 

5* 
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rein 2). If ]E(G)I= ]A Ij B [ + I  and ]A/-1B] is odd, then it follows from (3) that the 
first player can win by occupying an edge in A 7/B in his first turn. 

Finally suppose [E(G)]= >- jA U B 1+2. We first assume that the anti-cut player 
goes first. ]A ('/B] is odd, then the anti-cut player can win by (3) of Theorem 2. 
If ]A (-)B] is even, then the anti-cut player can win by occupying J~CE(G)\(A L) B) 
in his first turn since the graph obtained from G by detetingf~ satisfies the condition 
in (2) of  Theorem 2. We can prove similarly that the anti-cut player can win if he 
goes second. I 
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